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Abstract
We discuss locally Weyl (scale) covariant generalisation of quadratic
curvature gravity theory in three dimensions using Riemann-Cartan-
Weyl space-times. We show that this procedure of Weyl gauging yields
a consistent generalisation for a particular class of quadratic curvature
gravity theories which includes the New Massive Gravity theory.
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1 Introduction
Locally scale covariant theories are important because they allow the con-
struction of high and low energy complete theories. In the context of gravi-
tational theories, this aspect is very important due to lack of having a well
behaved perturbative quantum gravity. To gain insight in the quantum grav-
ity problem, three dimensional (3D) toy models [1] provide us with impor-
tant examples: Topologically massive gravity (TMG) [2, 3], minimal massive
gravity (MMG) [4, 5] and new massive gravity (NMG) [6, 7], all of which are
extensions of cosmological general relativity (GR) in three dimensions (3D).
Because GR in 3D has no propagating degree of freedom [8], these models are
obtained by augmenting the GR action with extra terms such as coupling
a vector Chern-Simons term (for TMG and MMG) or a particular combi-
nation of quadratic curvature invariants (for NMG). An important common
feature of all of these models is that, when linearised around a 3D anti-de Sit-
ter background, they yield a propagating massive spin-2 field, i.e. a graviton.
In our recent works, we studied the locally Weyl covariant TMG [9] and MMG
theories [10] where, we used the powerful language of differential forms on
Riemann-Cartan-Weyl (RCW) space-times. RCW space-times provide a nat-
ural, geometrical framework to discuss locally scale covariant theories [11].
Choosing a specific non-metricity tensor and identifying it with the Weyl
connection helps us provide a geometrical origin to scale transformations. In
this geometrical framework, the scale covariant theories are defined in terms
of a locally scale invariant action with a first order variational formalism.
In this paper, we study the locally Weyl covariant generalisation of quadratic
curvature gravity (QCG) in 3D and the consistency of this procedure. QCG
is defined via the action of 3D GR augmented with generic quadratic cur-
vature invariants. This model is motivated by NMG and the new improved
massive gravity (NIMG) [12, 13] models. On the one hand, in NIMG we
have studied a general 3D gravitational model that contains TMG, MMG
and NMG as subcases and obtained exact background solutions. NIMG
action also contains the most general quadratic curvature invariants in its
action. On the other hand, NMG is a parity invariant extension of GR given
by a specific combination of the squares of Ricci tensor and scalar curvature.
It is shown to admit TMG theory as its square root and at the linearised
level it is equivalent to the unitary Pauli-Fierz theory for a massive spin-2
1
field. These properties make it desirable to discuss Weyl covariant exten-
sions of NMG and NIMG. To cover both cases, we study the Weyl covariant
generalisation of QCG. We show that, for a certain subset of our coupling pa-
rameters (which also cover the NMG theory), this generalisation is consistent.
The organisation of the paper is as follows. In section two, we discuss RCW
space-times within the context of local scale transformations, and explain
how we implement Weyl covariance in a gravitational theory. Then we move
on to present the Lagrangian formulation of quadratic curvature gravity and
its Weyl covariant extension. We check the consistency of this procedure in
section three. Concluding remarks make up the fourth section. The tech-
nical details regarding the quadratic curvature invariants and derivation of
equations are in the appendices A and B, respectively.
2 Riemann-Cartan-Weyl Space-Times
We follow the same conventions as in references [9, 10], however, to set the
notation we briefly explain RCW space-times in general. A RCW space-
time is a triplet {M, g,∇} where M is a smooth n-manifold, g is a non-
degenerate, Lorentzian metric tensor on M , and ∇ is a linear connection on
M . With the help of g-orthonormal frames {Xa} and their dual co-frames
{ea} defined via ea(Xb) = ιbe
a = δab , the metric tensor can be expressed as
g = ηabe
a ⊗ eb where ηab = g(Xa, Xb) = (−,+, ..,+). For brevity, we use
short hand notations for the exterior products eab... ≡ ea ∧ eb ∧ . . . , and the
interior products ιab... ≡ ιaιb . . . . The metric allows the definition of the
Hodge duality operator ∗ : Λp(M) → Λn−p(M), where the orientation of M
is fixed by the choice of a volume form ∗1 = e0 ∧ e1 ∧ ... ∧ en−1. Finally,
a linear connection ∇ on M can be given by a set of connection 1-forms
{Λab} so that ∇XaXb = Λ
c
b(Xa)Xc. A linear connection ∇ is uniquely fixed
by the non-metricity, torsion, and curvature forms defined via the Cartan’s
structure equations below:
(Λ)
Dηab = −(Λab + Λba) = −2Qab, (2.1)
(Λ)
Dea = dea + Λab ∧ e
b = T a, (2.2)
(Λ)
DΛab = dΛ
a
b + Λ
a
c ∧ Λ
c
b =
(Λ)
Rab. (2.3)
2
d,
(Λ)
D and
(Λ)
Rab denote the exterior derivative, exterior covariant derivative
and curvature of the above connection, respectively. Bianchi identities are
obtained as the integrability conditions of the Cartan’s structure equations:
(Λ)
DQab =
1
2
(
(Λ)
Rab +
(Λ)
Rba), (2.4)
(Λ)
DT a =
(Λ)
Rab ∧ e
b, (2.5)
(Λ)
D
(Λ)
Rab = 0. (2.6)
To see that a generic linear connection is fixed uniquely by the metric tensor
field g, the torsion tensor field T and a non-metricity tensor field S =
(Λ)
Dg, we
separate the anti-symmetric and symmetric parts of the connection 1-forms
as follows:
Λab = Ω
a
b +Q
a
b, (2.7)
where the anti-symmetric part further decomposes in a unique way according
to
Ωab = ω
a
b +K
a
b + q
a
b. (2.8)
Here, the Levi-Civita connection 1-forms {ωab} are determined completely
by the co-frames from the Cartan structure equations
dea + ωab ∧ e
b = 0. (2.9)
The contortion 1-forms {Kab} are fixed by the torsion 2-forms
Kab ∧ e
b = T a. (2.10)
The anti-symmetric 1-forms {qab} are completely determined in terms of the
symmetric non-metricity 1-forms {Qab} by the equations
qab = −(ι
aQbc)e
c + (ιbQ
a
c)e
c. (2.11)
In a Weyl covariant theory, field elements are allowed to carry some repre-
sentation of the scale group. The transformation properties of these fields
are intimately connected to the dimensions that they are carrying. Under a
local scale transformation, a field Φ transforms as
Φ 7→ exp(−qσ)Φ, (2.12)
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where σ is a dimensionless real scalar field on space-time and the dimension-
less parameter q is called the Weyl charge. Conventionally, the metric tensor
is assigned a Weyl charge of −2 because it has dimension length squared.
After that, Weyl charge assignments of other fields are done accordingly. For
the linear connection, we adopt the Weyl transformation rule under Weyl
group action:
∇ 7→ ∇. (2.13)
This is a consistent choice because the connection is not a tensorial quantity
and therefore is not assigned any dimensions, and therefore stays inert under
local scale transformations. Also in a RCW space-time, when at least one
of the torsion or non-metricity tensors, or both are present, there need not
be any correlations between metric scaling and transformation of the linear
connection.
Under a local change of scale, space-time exterior covariant derivative does
not transform covariantly. Thus, we introduce a Weyl connection 1-form Q
as a compensating potential. Q is a dimensionless 1-form that transforms as
Q 7→ Q + dσ (2.14)
under a local scale transformation. With the help of Q, the exterior Weyl
covariant derivative of a p-form Φpq with Weyl charge q is defined as:
DΦpq =
(Λ)
DΦpq + qQ ∧ Φ
p
q (2.15)
so that under a local scale transformation DΦpq transforms covariantly. Under
the action of interior product and Hodge duality operator, Weyl charge of
the fields change as:
ιaΦ
p
q = Φ
p−1
q+1, (2.16)
∗Φpq = Φ
n−p
q−(n−2p). (2.17)
To discuss locally Weyl covariant theories in RCW space-times, we take the
following relation between the Weyl connection 1-form Q and the the non-
metricity tensor S =
(Λ)
Dg:
Dg = S − 2Q ∧ g = 0. (2.18)
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Therefore, the non-metricity 1-forms {Qab} and the Weyl connection 1-form
Q are related to each other by:
Qab = −Qηab. (2.19)
This identification gives a geometrical origin to the Weyl connection and as-
signment of units to dimensioned quantities.
The Ricci 1-forms are obtained by contracting the curvature 2-forms:
(Λ)
Rica = ιb
(Λ)
Rba. (2.20)
The curvature scalar needs one more contraction with the metric itself:
(Λ)
R = ιa
(Λ)
Rica = ι
ab
(Λ)
Rba. (2.21)
Moreover, the Einstein (n− 1)-forms of our non-Riemannian connection are
defined through the variation of Einstein-Hilbert term as:
(Λ)
Ga =
(Λ)
Gab ∗ e
b = −
1
2
(Λ)
Rbc ∧ ∗e
abc. (2.22)
We note that, although the curvature 2-forms may depend both on the anti-
symmetric and symmetric parts, similar to the Riemannian case only the
anti-symmetric part of the connection contributes to the Einstein tensor.
We will discuss our gravitational models using an action principle. The field
equations are going to be derived using a first order variational formalism.
For a non-scale covariant gravitational model, the action functional depends
on the co-frame 1-forms {ea}, anti-symmetric part of connection 1-forms
{Ωab = ω
a
b + K
a
b} and possibly on some Lagrange multiplier valued forms
{λa}. To obtain a scale covariant generalisation, we introduce two more
independent variables to original theories: the dilaton 0-form α with the
dimension of inverse length and the Weyl connection 1-form Q. Then, for a
locally scale covariant model, the action functional is given by
I[ea,Ωab, Q
a
b, α, λa] =
∫
M
LW
5
where LW is a scale invariant Lagrangian density and M is a compact region
in a RCW manifold without boundary.
To check the consistency of the scale covariant generalisation, we use the
following diagram:
L LW
L˙ L˙W
introduce α & Q
variation variation
set α=1 & Q=0
We introduce scale invariant terms to the Lagrangian L of the original the-
ory using the dilaton field α and Weyl connection 1-form Q. Then vary
the scale invariant Lagrangian LW and obtain the scale covariant variational
field equations L˙W . If these field equations agree with the field equations of
original theory L˙ for a fixed scale α = 1, and vanishing non-metricity Q = 0,
the above diagram commutes and we say that the generalisation is consistent.
A consistent generalisation means that the scale covariant theory contains
the original theory in its vacuum configuration for the Weyl sector. The vac-
uum configuration means the Weyl connection 1-form has a vanishing field
strength, i.e. it is flat. In this case, any solution of the original theory de-
fines an equivalence class of solutions for the scale covariant theory. In this
class, two solutions are related to each other by a pure gauge transformation.
3 Quadratic Curvature Gravity in Three Di-
mensions
We start with the formulation of quadratic curvature gravity in a 3D pseudo-
Riemannian setting in the language of differential forms and a first order
variational formalism. The independent variables are the co-frame 1-forms
{ea} and connection 1-forms {Ωab}. Lagrange multiplier valued 1-forms {λa}
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are introduced to constraint the space-time torsion to zero. We consider the
Lagrangian density 3-form:
L =
1
K
(Ω)
Rab∧∗e
b
a +Λ∗1+λa∧T
a+κ1
(Ω)
Rab∧∗
(Ω)
R ba +κ2
(Ω)
Rica∧∗
(Ω)
Rica+κ3
(Ω)
R2∗1. (3.1)
where K denotes the three dimensional gravitational constant, Λ the cosmo-
logical constant and κ1, κ2 and κ3 are coupling constants with dimensions of
inverse length. This family of Lagrangian densities also cover the Lagrangian
density of the NMG theory for the particular values of κ1 = 0, κ2 = 1 and
κ3 = −3/8.
In our formulation, we will vary the metric compatible totally anti-symmetric
connection 1-forms:
Ωab = ω
a
b +K
a
b. (3.2)
The total variational derivative of L with respect to three independent vari-
ables is found to be:
L˙ = e˙a ∧
{
1
K
(Ω)
Rbcǫ
c
ab + Λ ∗ ea +
(Ω)
Dλa − κ1τˆa[
(Ω)
Rbc]
+ κ2[ιa(
(Ω)
Ricb ∧ ∗
(Ω)
Ricb) + 2ιa
(Ω)
Rbc ∧ ι
b ∗
(Ω)
Ricc] + κ3(2
(Ω)
R
(Ω)
Rbcǫ
c
ab −
(Ω)
R2 ∗ ea)
}
+ Ω˙ab ∧
{
(Ω)
D ∗ e ba + e
b ∧ λa + 2
(Ω)
D [κ1 ∗
(Ω)
R ba − κ2ιa ∗
(Ω)
Ricb + κ3R ∗ e
b
a ]
}
+ λ˙a ∧ T
a. (3.3)
Above, a dot over a field variable denotes the variation of that variable. First,
due to Lagrange constraint equation, torsion vanishes and we will be working
with the unique Levi-Civita connection 1-forms {ωab}. Then, we solve the
Lagrange multiplier 1-forms from the connection variation equation. For this,
we write the connection equation as:
1
2
(ea ∧ λb − eb ∧ λa) = Σab, (3.4)
where
Σab = 2
(ω)
D(κ1 ∗
(ω)
Rab − κ2ι[a ∗
(ω)
Ricb] + κ3
(ω)
R ∗ eab)
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is anti-symmetric due to anti-symmetry of the Levi-Civita connection 1-
forms. Indices between square brackets means total anti-symmetrization of
those indices. Then, the unique solution for the Lagrange multiplier 1-forms
reads:
λa = 2ι
bΣba −
1
2
(ιbcΣcb)ea. (3.5)
Finally, Einstein field equations are determined to be:
−
2
K
(ω)
Ga + Λ ∗ ea +
(ω)
Dλa − κ1τˆ [
(ω)
Rbc] + κ3(2
(ω)
R
(ω)
Rbcǫ
c
ab −
(ω)
R2 ∗ ea)
+ κ2[ιa(
(ω)
Ricb ∧ ∗
(ω)
Ricb) + 2ιa
(ω)
Rbc ∧ ι
b ∗
(ω)
Ricc] = 0. (3.6)
In order to promote above model into a locally scale covariant one, we intro-
duce two new independent variables: dilaton scalar α and the Weyl 1-formQ,
and consider the most general connection 1-forms that have their symmetric
part identified with the Weyl connection 1-form
Λab = ω
a
b +K
a
b + q
a
b −Qη
a
b. (3.7)
Thus, we consider the following Weyl invariant Lagrangian density 3-form1:
LW = α
(Λ)
Rab ∧ ∗e
b
a + α
3Λ ∗ 1 + αλa ∧ T
a −
γ
2α
Dα ∧ ∗Dα−
γ′
2α
dQ ∧ ∗dQ
+
1
α
[
κ1
(Λ)
Rab ∧ ∗
(Λ)
R ba + κ2
(Λ)
Rica ∧ ∗
(Λ)
Rica + κ3
(Λ)
R2 ∗ 1
]
. (3.8)
Above, to promote α and Q to dynamical fields, we added their kinetic terms
where γ and γ′ are new dimensionless coupling constants. While finding
variational field equtions, we vary the Lagrangian density with respect to
the total connection 1-forms {Λab}. Then, we will separate the connection
variation equations acccording to
Λ˙ab = Ω˙
a
b − η
a
bQ˙. (3.9)
1 In our earlier papers [12, 13], using an identy we replaced one of the three quadratic
curvature invariants in terms of the other two. Here, we do not do this and keep all three
quadratic curvature invariants. We explain this choice and the derivation of the identity
in appendix A.
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Therefore the variation of the Lagrangian denstiy (3.8) is found to be:
L˙W = e˙
a ∧
{
α
(Λ)
Rbcǫ
c
ab + α
3Λ ∗ ea +
(Λ)
D (αλa) +
γ
2α
τa[Dα] +
γ
2α
τˆa[dQ]
−
κ1
α
τˆa[
(Λ)
Rbc] +
κ2
α
[
ιa
( (Λ)
Ricb ∧ ∗
(Λ)
Ricb
)
+ 2ιa
(Λ)
Rbc ∧ ι
b ∗
(Λ)
Ricc
]
+
κ3
α
[
2
(Λ)
R
(Λ)
Rbcǫ
c
ab −
(Λ)
R2 ∗ ea
]}
+ λ˙a ∧
(
αT a
)
+ Λ˙ab ∧
{
(Λ)
D
[
α ∗ e ba +
2κ1
α
∗
(Λ)
R ba −
2κ2
α
ιa ∗
(Λ)
Ricb +
2κ3
α
(Λ)
R ∗ e ba
]
+ αeb ∧ λa +
1
3
ηbaγ ∗ Dα +
1
3
ηbaγ
′d
(
1
α
∗ dQ
)}
+ α˙
{
(Λ)
Rab ∧ ∗e
b
a + 3α
2Λ ∗ 1 +
γ
2α2
Dα ∧ ∗Dα+ γD
(
1
α
∗ Dα
)
+ λa ∧ T
a
+
γ′
2α2
dQ ∧ ∗dQ−
1
α2
[
κ1
(Λ)
Rab ∧ ∗
(Λ)
R ba + κ2
(Λ)
Rica ∧ ∗
(Λ)
Rica + κ3
(Λ)
R2 ∗ 1
]}
.
(3.10)
We start simplifying by first noting that the torsion 2-forms vanish. Then,
we first go to dilaton field equation. To do this, we compare the trace of the
co-frame equations
ea ∧
δLW
δea
= α
(Λ)
Rab ∧ ∗e
b
a + 3α
3Λ ∗ 1−
γ
2α
Dα ∧ ∗Dα +
γ′
2α
dQ ∧ ∗dQ
+ αλa ∧ T
a − d(αea ∧ λa)−
κ1
α
(Λ)
Rab ∧ ∗
(Λ)
R ba +
3κ2
α
(Λ)
Rica ∧ ∗
(Λ)
Rica
+
4κ2
α
(Λ)
Rab ∧ ι
a ∗
(Λ)
Ricb −
κ3
α
(Λ)
R2 ∗ 1 = 0, (3.11)
with the dilaton field equation above and obtain:
d(αea ∧ λ
a + γ ∗ Dα) = 0. (3.12)
Next, we separate the symmetric and anti-symmetric parts of the connection
variaton equations by lowering an index. In order to lower an index inside a
covariant derivative, we make use of the following identities:
(Λ)
D (α ∗ e ba ) = Dα ∧ ∗e
b
a , (3.13)
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(Λ)
D
(
1
α
∗
(Λ)
R ba
)
= −
2Q
α
∧ ∗
(Λ)
R ba −
dα
α2
∧ ∗
(Λ)
R ba +
1
α
ηcb
(Λ)
D ∗
(Λ)
Rac, (3.14)
(Λ)
D
(
1
α
ιa∗
(Λ)
Ricb
)
= −
2Q
α
∧ιa∗
(Λ)
Ricb−
dα
α2
∧ιa∗
(Λ)
Ricb+
1
α
ηcb
(Λ)
D (ιa∗
(Λ)
Ricc), (3.15)
(Λ)
D
(
1
α
(Λ)
R ∗ e ba
)
=
Q
α
∧
(Λ)
R ∗ e ba +
1
α
d
(Λ)
R ∧ ∗e ba −
dα
α2
∧
(Λ)
R ∗ e ba . (3.16)
On the right hand side of identities (3.13) - (3.16) there are terms propor-
tional to the torsion 2-forms in general, however that should be omitted here
as they identically vanish.
After lowering an index and using (3.9), the symmetric and anti-symmetric
parts of the connection variation equations read:
αea ∧ λa + γ ∗ Dα = (6κ1 + 6κ2 − γ
′)d
(
1
α
∗ dQ
)
, (3.17)
and
α
2
(ea ∧ λb − eb ∧ λa) = Σab, (3.18)
respectively, where
Σab =
[
Dα+
2κ3
α
(
d
(Ω)
R +Q
(Ω)
R −
dα
α
(Ω)
R
)]
∧ ∗eab + 2κ1
(Ω)
D
(
1
α
∗
(Ω)
Rab
)
+ 2κ2
(Ω)
D
(
1
α
ι[a ∗ ιb]dQ−
1
α
ι[a ∗
(Ω)
Ricb]
)
.
When writing the anti-symmetric part of the equations, we used the fact that
index raising and lowering operations commute with the covariant derivative
operation with respect to the anti-symmetric connection 1-forms {Ωab}. We
algebraically solve (3.18) for the Lagrange multiplier 1-forms as:
λa =
2
α
ιbΣba −
1
2α
(ιbcΣcb)ea. (3.19)
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The substitution of above in Einstein field equations of the Weyl covariant
theory gives:
− 2α
(Ω)
Ga + α
3Λ ∗ ea +
(Ω)
D (αλa) + αQ ∧ λa +
γ
2α
τa[Dα] +
(
γ′
2α
−
3κ1
α
)
τˆa[dQ]
−
κ1
α
τˆa[
(Ω)
Rbc] +
κ2
α
[
ιa
( (Ω)
Ricb ∧ ∗
(Ω)
Ricb
)
+ 2ιa
(Ω)
Rbc ∧ ι
b ∗
(Ω)
Ricc + 4ιa(dQ ∧ ∗dQ)
− 2ιa
(Ω)
Rbc ∧ ι
b ∗ ιcdQ− 6ιadQ ∧ ∗dQ
]
+
κ3
α
[
2
(Ω)
R
(Ω)
Rbcǫ
c
ab −
(Ω)
R2 ∗ ea
]
= 0.
(3.20)
Therefore the Weyl covariant quadratic curvature theory defined via the ac-
tion (3.8) yields three sets of field equations: (3.12), (3.17), and (3.20). In
order to show the consistency of this generalisation, we are going to restrict
the Weyl sector of the theory to its vacuum sector and show that the originial
quadratic curvature theory field equations are contained in this configuration.
To this end, we make the following choices:
Dα = 0, α = 1 =⇒ Q = 0. (3.21)
The first choice sets the Weyl connection to be a flat connection, then the
second choice fixes a global units scale. Consequently, the Weyl connection 1-
form gets cancelled out and we are left with a pseudo-Riemannian geometry.
Then the field equations reduce to:
−2
(ω)
Ga + Λ ∗ ea +
(ω)
Dλa − κ1τˆ [
(ω)
Rbc] + κ3(2
(ω)
R
(ω)
Rbcǫ
c
ab −
(ω)
R2 ∗ ea)
+ κ2[ιa(
(ω)
Ricb ∧ ∗
(ω)
Ricb) + 2ιa
(ω)
Rbc ∧ ι
b ∗
(ω)
Ricc] = 0. (3.22)
and
ea ∧ λa = 0, d(e
a ∧ λa) = 0 (3.23)
where
λa = 2ι
bΣba −
1
2
(ιbcΣcb)ea, and
Σab = 2
(ω)
D(κ1 ∗
(ω)
Rab − κ2ι[a ∗
(ω)
Ricb] + κ3
(ω)
R ∗ eab).
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Although the equations (3.22) agree with the field equations (3.6) of quadratic
curvature gravity, the equations (3.23) are extra. One must make sure that
the equation (3.23) vanishes2 identically, so that the Weyl covariant general-
isation is consistent.
The explicit evaluation of equation (3.23) is technical and we present it sep-
arately in the appendix B. We show that:
ea ∧ λa = 0 ⇔ (2κ1 + 3κ2 + 8κ3)ιa ∗ d
(ω)
R = 0. (3.24)
Then, either the space-time has constant curvature or else in a generic space-
time, only certain combinations of quadratic curvature invariants for which
2κ1 + 3κ2 + 8κ3 = 0 (3.25)
are allowed. It is remarkable that NMG meets this condition: κ1 = 0, κ2 =
1, κ3 = −
3
8
.
4 Concluding Remarks
We have derived the locally scale covariant extension of quadratic curvature
gravity field equations in 3-dimensional Riemann-Cartan-Weyl space-times.
Our basic field variables are the space-time metric g, the dilaton 0-form α
and the Weyl potential 1-form Q. Their field equations are obtained by a first
order variational principle from a locally scale invariant action in which the
space-time torsion is constrained to zero by the method of Lagrange multipli-
ers. The locally scale covariant variational equations that follow from action
density that involves the Einstein-Hilbert term with a cosmological constant
plus the most general linear combination of quadratic curvature invariants
in 3-dimensions. We also discussed the consistency of the conformal equiva-
lence class of the vacuum configuration of the theory that is determined by
setting the Weyl potential to zero (Q = 0) and fixing a scale (by the choice
α = 1). We noted that such a consistency imposes a condition on the choice
of the quadratic curvature invariants allowed in the action. Rather than a
2-parameter family of an action density 3-form that one would expect, only a
2This guarantees the equation d(ea ∧λa) = 0 is also satisfied, and we are only left with
quadratic curvature gravity field equations.
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1-parameter family is allowed. It is remarkable that the NMG action belongs
to this family.3
For future direction of research, one may consider to investigate linearised
field equations [15, 16] to determine the particle spectrum of the theory and
to check the linearisation instabilities [17]. Besides, finding out non-trivial
solutions that have non-vanishing field strength for the Weyl sector would
be interesting. Furthermore, one can look for solutions that are Einstein-
Weyl spaces. Due to their specific geometrical properties [18], 3-dimensional
Einstein-Weyl spaces can be formulated in terms of mini-twistor spaces [19]
and can be used to construct four dimensional self-dual geometries [20]. Fi-
nally, similar methods can be applied to the NIMG model so that we have
a generic Weyl covariant theory that contains important 3D models such as
TMG, MMG and NMG altogether.
3A Weyl covariant generalisation of NMG and quadratic curvature gravity in general
has also been studied in [14] from a Higgs-like symmetry breaking point of view for NMG.
They pointed out in a linearised approximation that gravitons thus gain mass in ADS
and/or Minkowski backgrounds.
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A Quadratic Curvature Invariants
The curvature 2-forms can be uniquely decomposed into their symmetric and
anti-symmetric parts according to
(Λ)
Rab =
(Ω)
Rab − η
a
bdQ. (A.1)
Then we also have by contractions
(Λ)
Rica =
(Ω)
Rica − ιadQ,
(Λ)
R =
(Ω)
R . (A.2)
The co-frame variations of the Einstein-Hilbert term in the action density
(3.6) give
−
1
2
(Ω)
Rbcǫabc = ∗
(Ω)
Rica −
1
2
(Ω)
R ∗ ea (A.3)
that can be inverted in n = 3 dimensions as
(Ω)
Rbc = −ǫabc
(
∗
(Ω)
Rica −
1
2
(Ω)
R ∗ ea
)
. (A.4)
Squaring both sides and simplifying we arrive at the following identity satis-
fied by the quadratic curvature invariants in n = 3 dimensions:
(Ω)
Rab ∧ ∗
(Ω)
R ba = 2
(Ω)
Rica ∧ ∗
(Ω)
Rica −
1
2
(Ω)
R2 ∗ 1. (A.5)
On the other hand from above we also have
(Λ)
Rab ∧ ∗
(Λ)
R ba =
(Ω)
Rab ∧ ∗
(Ω)
R ba + 3dQ ∧ ∗dQ (A.6)
and
(Λ)
Rica ∧ ∗
(Λ)
Rica =
(Ω)
Rica ∧ ∗
(Ω)
Rica + 2dQ ∧ ∗dQ− 2
(Ω)
Rica ∧ ∗ιadQ. (A.7)
In order to simplify the third term on the right hand side, we consider the
second Bianchi identity written in the form
(Ω)
Rab ∧ e
b − dQ ∧ ea =
(Λ)
DT a (A.8)
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and contract on both sides to get
(Ω)
Rica ∧ e
a = dQ+ ιa(
(Λ)
DT a). (A.9)
Therefore
−2
(Ω)
Rica∧∗ιadQ = 2
(Ω)
Rica∧e
a∧∗dQ = 2dQ∧∗dQ+2ιa(
(Λ)
DT a)∧∗dQ. (A.10)
Putting all these back into our basic quadratic curvature identity above, we
may write it as
(Λ)
Rab∧∗
(Λ)
R ba −2
(Λ)
Rica∧∗
(Λ)
Rica+
1
2
(Λ)
R2∗1 = −5dQ∧∗dQ−4ιa(
(Λ)
DT a)∧∗dQ. (A.11)
B Derivation of Equation (3.23)
Before starting to calculate (3.23), we note that
ea ∧ λa = 2e
a ∧ ιbΣba = 2ι
b(ea ∧ Σab). (B.1)
Now, we will play with the anti-symmetric 1-form Σab. First using ιaχ =
(−1)p ∗ (ea ∧ ∗χ) for a p-form χ, we see
ιa ∗
(ω)
Ricb = ∗(
(ω)
Ricb ∧ ea) (B.2)
where we also made use of ∗ ∗ χ = −χ for a 2-form χ. Using (B.2), Σab can
be written as:
Σab = 2
(Ω)
D ∗
[
κ1
(ω)
Rab +
κ2
2
(ea ∧
(ω)
Ricb − eb ∧
(ω)
Rica) + κ3
(ω)
Reab
]
(B.3)
Then using the fact that geometry is torsion free, we can write
ea∧Σab = −2
(Ω)
D
[
ea∧∗
(
κ1
(ω)
Rab+
κ2
2
(ea∧
(ω)
Ricb−eb∧
(ω)
Rica)+κ3
(ω)
Reab
)]
(B.4)
Using, ιaχ = (−1)
p ∗ (ea ∧ ∗χ) for a p-form χ implies e
a ∧ ∗χ = − ∗ ιaχ and
above equation reads:
2ιb(ea ∧ Σab) = 4
(Ω)
Db ∗ ιa
[
κ1
(ω)
Rab +
κ2
2
(ea ∧
(ω)
Ricb − eb ∧
(ω)
Rica) + κ3
(ω)
Reab
]
= 4
(Ω)
Da ∗
[(
κ1 +
κ2
2
)
(ω)
Rica +
(
2κ3 +
κ2
2
)
(ω)
Rea
]
. (B.5)
Finally equating (B.5) to zero yields the equation (3.24).
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